on the almost-sure termination of binary sessions

Ugo Dal Lago Luca Padovani



outline

H motivation

almost sure termination

type system

concluding remarks



outline

HE motivation



type systems ensuring lock freedom of sessions

lock freedom (LF) = every communication is eventually completed

Direct approaches
e.g. Kobayashi [2002], Padovani [2014]

= LF(x) A LF(y) == LF(x # )

Indirect approaches: deadlock freedom + termination = LF
e.g. Kobayashi and Sangiorgi [2008], Caires and Pfenning [2010], Lindley and Morris [2016]

=4 compositional
=+ applies to eventual (fair) termination

e.g. Dagnino and Padovani [2024]
= termination can be too strong

= fairtermination can be too weak
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example: non-deterministic random walk

N(x) £ clo?ex ® (y)(N{y) | Yvaity.N(x))

e the reduction N(x) — close x can always occur
® the process is fairly terminating
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example: probabilistic random walk

P(x) £ ClO?EXpBH W)(PY) | \:(vaity.P(x>)
OQO=0=0m= 0=

e the reduction P(x) — close x occurs with probability p
® the process is terminating with probability 1iffp > 0.5
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probabilistic semantics with multidistributions

instance of probabilistic term rewriting [Avanzini, Dal Lago, and Yamada, 2020]

P(x) £ cIo;sex B )(PY) | \.{vaity.P(x>)

0
2
-2
4

We reduce multidistributions of processes
® terminated processes are erased

e multiple equal entries account for non-determinism
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measure of a multidistribution

11pi < Pl = > icibi

Intuition

® |M| > probability that the processes in M are not terminated

Basic properties
° 1= |M|
e ifM — Nthen|M| > |N|
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almost sure termination (AST)

Definition (reduction sequence of P)
Infinite sequence MoM, - - - of multidistributions such that

® MOZZ-IPS
°* M, — M, foreveryn € N

Note
All reduction sequences are infinite because || — {f

Definition (almost-sure termination)
Pis ASTif lim |M,| = O forevery reduction sequence MyM; - - - of P
n—o0
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AST = finite expected computation @

P(x) £ closex M (y)(P{y) | waity.P(x))

Property
If p > 0.5 then P(x) is almost surely terminating

Property
If p = 0.5 then the expected computation length is oo
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strong almost sure termination (SAST)
Definition (expected derivation length of M = MgM, . . .)
edi(M) = 3, . M|

Definition (expected derivation height)

edh(P) = sup{edI(M) | Mis a reduction sequence of P}

Definition
Pis strongly almost-surely terminating (SAST) if edh(P) < oo

SAST C AST
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types

AB:=1|A®B|®{a": A}ic| 7A
LlAwB|&{a" : Alic | 1A

Are
® based on classical linear logic

® possibly infinite
Have

® p-ary additives
e heightannotations / € Rx,
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typing judgments and typing rules

Judgments
PHIT MET
e Piswelltypedinl ® M=1p :P{iciswell typedinl
e (> edh(P) ° (>3 pedh(P)

Typing rules are the same as in Francesco’s talk, except...
® annotationsarein R>g

® the choice rule computes an expected height

PHT  QH'T
p pBE‘ Q |_1+pﬁ+(17p)€’ r
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properties of well-typed processes

Theorem (deadlock freedom)
IfP ' x : 1, then Pis deadlock free

Theorem (subject reduction)
IfM ' TandM — N,thenN ' Tand ¢ > [M| + ¢/

Theorem (soundness)
If P H T, then Pis SAST
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example

P(x) = close x ,8 (y)(P(y) | waity.P(x))

Px) F x:1
L
Piy) F'y 1 waity.P(x) Fix:1,y: L
1 cut
closex ' x : 1 W) (Ply) | waity.P(x)) F* x : 1
choice
P(x) F1HPr20=0)E o q
1
(= +P = if p > 0.5 then P(x) is SAST

2p —1
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conclusion

Summary
® type system for sessions with probabilistic choices
e SAST =termination with probability 1 A finite expected computation
® termination C SAST C fair termination
e deadlock freedom A SAST = lock freedom

In the paper
v/ more examples (buyer and seller, lottery, clients and server, ...)

v/ weaker typing rule for choices that ensures AST instead of SAST
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e SAST =termination with probability 1 A finite expected computation
® termination C SAST C fair termination
e deadlock freedom A SAST = lock freedom

In the paper
v/ more examples (buyer and seller, lottery, clients and server, ...)

v/ weaker typing rule for choices that ensures AST instead of SAST

thank you!
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