
“It would be interesting to establish a termination result

for CSLL. This would prove that the resulting calculus does

not generate livelock. We expect this proof to be some-

what involved. . . ”

Qian, Kavvos, and Birkedal [2021]

Attacking the Termination Problem
for Client-Server Sessions

Luca Padovani OPCT 2023



sessions and linear logic
Caires and Pfenning [2010], Wadler [2014], Lindley and Morris [2016]

linear logic propositions ⇐⇒ session types
linear logic proofs ⇐⇒ well-typed processes

cut reduction ⇐⇒ communication
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proof = well-typed process

...

P

⊢ Γ ,

x :

A
[⊕]

left x.P

⊢ Γ ,

x :

A ⊕ B

...

Q

⊢ ∆,

x :

A⊥

...

R

⊢ ∆,

x :

B⊥

[N]

case x{Q,R}

⊢ ∆,

x :

A⊥ N B⊥

[cut]

(x)(left x.P | case x{Q,R})

⊢ Γ ,∆

↓
...

P ⊢ Γ , x : A

...

Q ⊢ ∆, x : A⊥

[cut]
(x)(P | Q) ⊢ Γ ,∆
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soundness of the logic => soundness of typing

The cut rule is admissible

• each application of the cut rule can be eliminated after a
suitable number of cut reductions

• each open session can be terminated after a suitable
number of communications

Consequences

⇒ well-typed processes are deadlock free

⇒ well-typed processes terminate

⇒ well-typed processes are livelock free
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propositions as protocols

A ::= ⊥ | ⊤ | 0 | 1 | A ⊕ B | A N B | A ⊗ B | A O B | ?A | !A

Rules for clients

⊢ Γ

⊢ Γ , ?A

⊢ Γ ,A

⊢ Γ , ?A

⊢ Γ , ?A, ?A

⊢ Γ , ?A

Rule for server
⊢ ?Γ ,A

⊢ ?Γ , !A
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exponentials in Classical Linear Logic

sequential(ized) clients vs unlimited parallel instances of server

xC1C2· · ·

S1

S2

S3

...

Sn
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a problem with this modeling of clients and servers

Lack of accuracy

• availability of unbounded copies of the server is unreasonable

Lack of expressiveness

• unable to model stateful servers and contention

• examples: auctions, purchase of rare items, . . .

• examples: locks, CAS registers, shared objects, . . .
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exponentials in Client-Server Linear Logic (CSLL)
Qian, Kavvos, and Birkedal [2021]

concurrent clients vs unlimited sequential instances of server

x

C1

C2

C3

...

Cn

S1 S2 · · ·
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a linear logic with co-exponentials

A ::= ⊥ | ⊤ | 0 | 1 | A ⊕ B | A N B | A ⊗ B | A O B | ¿A | ¡A

Rules for co-clients

⊢ ¿A

⊢ Γ ,A

⊢ Γ , ¿A

⊢ Γ , ¿A ⊢ ∆, ¿A

⊢ Γ ,∆, ¿A

Rule for co-servers

⊢ Γ ⊢ Γ ,A ⊢ Γ , ¡A, ¡A

⊢ Γ , ¡A
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a problem with CSLL

• we have solved the accuracy and expressiveness issues

• . . . but now we’re dealing with a non-standard linear logic for
which no cut elimination result is known

• besides, cut reduction is not deterministic nor confluent

P ⊢ Γ , ¿A Q ⊢ ∆, ¿A

P :: Q ⊢ Γ ,∆, ¿A
≡

Q ⊢ ∆, ¿A P ⊢ Γ , ¿A

Q :: P ⊢ Γ ,∆, ¿A

• Qian, Kavvos, and Birkedal [2021] prove deadlock freedom,
leaving termination as an open problem

• no termination ⇒ no livelock freedom ⌢
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µMALL∞

Baelde, Doumane, and Saurin [2016], Doumane [2017]

Linear logic with fixed points

A ::= ⊥ | ⊤ | 0 | 1 | A ⊕ B | A N B | A ⊗ B | A O B | X | µX.A | νX.A

Infinitary proofs

• fixed points are simply unfolded

• proofs may be infinite

• validity condition on proofs

Properties

• valid proofs enjoy cut elimination
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co-exponentials as fixed points

¿A = make (concurrently) zero or more requests of A

¿A def
= µX.(1⊕ A ⊕ (X ⊗ X))

¡A = handle (sequentially) zero or more requests of A

¡A def
= νX.(⊥ N A N (X O X))

Strategy for proving termination of CSLL (fallacy alert)

1. encode co-exponentials in CSLL into fixed points of µMALL∞

2. encode well-typed CSLL process into valid µMALL∞ proof

3. use cut elimination of µMALL∞ to infer termination of CSLL
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a problem with this correspondence between CSLL and µMALL∞

• all µMALL∞ cut reductions correspond to CSLL reductions

• some CSLL reductions don’t correspond to µMALL∞ cut
reductions

P → Q

P :: R → Q :: R

• clients may reduce independently, even before they connect
to the server

• cut elimination of µMALL∞ only entails weak termination of
CSLL ⌢
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from weak to fair termination

Theorem (subject reduction)
If P is well typed and P → Q then Q is well typed

Theorem (weak termination)
If P is well typed then P is weakly terminating

P → P1 → P2 → · · ·

well typed ⇒ well typed ⇒ well typed ⇒ · · ·

⇓ ⇓ ⇓
weakly term. weakly term. weakly term. · · ·

Theorem (Ciccone and Padovani [2022a])
P →∗ Q implies Q weakly term. ⇐⇒ P fairly terminating
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deadlock freedom + fair termination ⇒ livelock freedom
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concluding remarks

Properties of CSLL

• does it terminate? almost certainly yes, but still open problem

• does it enjoy livelock freedom? yes

Building on the expressiveness of µMALL∞

• binary sessions [Ciccone and Padovani, 2022b]

• client-server sessions [Padovani, 2023]

• concurrent objects and actors?
[Crafa and Padovani, 2017, de’Liguoro and Padovani, 2018]

thank you
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