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“The topic may look a bit old but is important”

• Kobayashi, Pierce, Turner, Linearity and the π-calculus, 1999

• Igarashi, Kobayashi, Type reconstruction for linear π-calculus

with I/O subtyping, 2000

Session = private conversation on linearized channels

• Honda, Types for dyadic interaction, 1993

• . . . long list of works (esp. in last decade)

safety + fidelity + progress
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Sessions and the linear π-calculus

Dyadic sessions (with 2 participants)

• Kobayashi, Type systems for concurrent programs, 2002

• Dardha, Giachino, Sangiorgi, Session types revisited, 2012

Multiparty sessions (with ≥ 2 participants)

• Padovani, Deadlock and lock freedom in the linear π-calculus,

2014 (long version on my home page)

I Moral
The linear π-calculus is a foundational model for sessions
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The linear π-calculus

Sessions vs linear channels

a?(x).a!〈x + 1〉 . . . a?(x , y ).(νb)y !〈x + 1, b〉

a : ?int.!bool . . . a : [int× [bool× . . . ]0,1]1,0

Extensions

• pairs ⇒ product type

• alternative protocols ⇒ disjoint sums

• iterative protocols, XML documents, . . . ⇒ recursive types
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Types

Type t ::= unit, int basic types

| [t]κ,κ channel type

| t × t product

| t ⊕ t disjoint sum

| α type variable

| µα.t recursive type

Use κ ::= 0 never

| 1 once

| ω unlimited
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Typing

Γ1 ` P1 Γ2 ` P2

Γ1 + Γ2 ` P1 | P2

Γ , x : t ` P 0 < κ

Γ + u : [t]κ,0 ` u?(x).P

u : t1 + u : t2 = u : t1 + t2

[t]1,0 + [t]0,1 = [t]1,1

I In this work
Extend + component-wise to composite types

Extend + coinductively to recursive types
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Example: list of linear channels

tlist = unit⊕ ([int]0,1 × tlist)

=

todd = unit⊕ ([int]0,1 × teven)

+

teven = unit⊕ ([int]0,0 × todd)

a1 a2 a3 a4 a5 a6
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Example: sharing a list of linear channels

∗odd?(x).case x of () ⇒ 0

y : z ⇒ y !〈3〉 | even!〈z〉

∗even?(x).case x of () ⇒ 0

y : z ⇒ odd !〈z〉

L : todd ` odd !〈L〉 L : teven ` even!〈L〉

L : tlist ` odd !〈L〉 | even!〈L〉
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Type reconstruction

I Problem statement
• given P, find Γ such that Γ ` P, if there is one

• maximize the number of linear channels in Γ

Too much guessing in the typing rules

Γ1 ` P1 Γ2 ` P2

Γ1 + Γ2 ` P1 | P2

Γ , x : t ` P 0 < κ

Γ + u : [t]κ,0 ` u?(x).P
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Computing constraints

1 type variables α denote unknown types

2 use variables ρ denote unknown uses

3 Γ ` P ⇒ P . Γ ; C

Γi ` Pi
(i=1,2)

Γ1 + Γ2 ` P1 | P2
⇒

Pi . Γi ; Ci (i=1,2) Γ1 t Γ2 ; Γ ; C3
P1 | P2 . Γ ; C1 ∪ C2 ∪ C3

combine environments
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Combining environments

dom(Γ1) ∩ dom(Γ2) = ∅
Γ1 t Γ2 ; Γ1, Γ2; ∅

Γ1 t Γ2 ; Γ ; C
(Γ1, u : t1) t (Γ2, u : t2) ; Γ , u : α; C ∪ {α = t1 + t2}
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(Γ1, u : t1) t (Γ2, u : t2) ; Γ , u : α; C ∪ {α = t1 + t2}

unknown type, fresh type variable

α is the combination of t1 and t2
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Example: lists of linear channels

∗odd?(x).case x of () ⇒ 0

y : z ⇒ y !〈3〉 | even!〈z〉

even!〈L〉 | odd !〈L〉
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Example: lists of linear channels

∗odd?(x).case x of () ⇒ 0

y : z ⇒ y !〈3〉 | even!〈z〉

even!〈L〉 | odd !〈L〉

L : α L : β

L : γ, γ = α+ β
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Results

Theorem (Correctness)

If P . Γ ; C and σ is a solution for C, then σΓ ` P

Theorem (Completeness)

If Γ ′ ` P, then P . Γ ; C where Γ ′ = σΓ and σ is a solution of C

assignment for the type/use variables in C
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The (implicit) meaning of type constraints

[t]κ,ι = [t]κ1,ι1 + [t]κ2,ι2 � κ = κ1 + κ2 ι = ι1 + ι2

I Problem
• we must find all the (implicit) use constraints

• apply entailment until no new constraints are discovered. . .

• . . . but how do we know that this process terminates?
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s = t1 + t2 is indeed an awkward constraint

s = t1 + t2

=

= =

s1

= β1 + β2

×

× ×

s2

= γ1 + γ2

• to discover all the implicit constraints it may be necessary to

introduce new type variables

• not clear when to stop

(ambiguous decompositions + recursive types)

I Idea
Express composition as multiple binary relations
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Composition ∼ least upper bound

[int]1,1

+[int]1,0 [int]0,1

[int]1,1

[int]1,0 [int]0,1

≤ ≥

�
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Composition = lub + compatibility

[int]0,1

[int]0,1 [int]0,1

≤ ≥

[int]1,1

[int]1,0 [int]0,1

≤ ≥

�
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Solver

Input: a set of constraints C
Output: either fail or a solution of C
1 Saturate C
2 Compute an optimal solution σuse for the use constraints in C,

or fail if there is none

3 fail if t R s ∈ C and t, s have different topmost constructors

4 Let σtype = {α 7→ supC,σuse ({α}) | α ∈ dom(C)}
5 Return σuse ∪ σtype
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5 Return σuse ∪ σtype

maximize number of linear channels

finitely many use assignments
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Properties of the solver algorithm

Theorem (Correctness)

Given a set C of constraints:

1 if the algorithm returns σ, then σ is a solution of C
2 if the algorithm fails, then C has no solution

Theorem (Termination)

The algorithm always terminates

Corollary (Completeness)

If C admits a solution, the algorithm finds one
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Implementation
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Concluding remarks

Pros

• conservative extension of linear π-calculus (same rules)

• boosts parallelism and data sharing in presence of linear values

• not tied to π-calculus

Cons

• only regular decompositions

Issues

• complexity (cannot use unification)

• subtyping (important for sessions)

Code

• http://www.di.unito.it/˜padovani/
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